It has been well known that the passage of electric current through a conductor releases heat, which is known as Joule heating. From a microscopic point of view, Joule heating is caused by inelastic electron phonon interactions (EPI), i.e. interactions between moving electrons and atomic ions, by which the electrons transfer part of their energy to the ionic degree of freedom. The increase in the vibrational energy in ions manifest itself as heat, and in a bulk conductor the amount of heat Q is proportional to the current I for a fixed bias voltage V , Q ∝ I. With the development of micro-machining technique, an integrated circuit can now contain multiple nanoscale electronic devices. In a nanoscale device, the electron-phonon interaction takes place as in a bulk conductor. Even though the electron coherence length is large compared with the characteristic size of the nanodevice, heat generation is still substantial due to the huge electrical current densities, which is by many orders of magnitude larger than that in a bulk conduct. Such local heating has been observed experimentally.
It has been well known that the passage of electric current through a conductor releases heat, which is known as Joule heating. From a microscopic point of view, Joule heating is caused by inelastic electron phonon interactions (EPI), i.e. interactions between moving electrons and atomic ions, by which the electrons transfer part of their energy to the ionic degree of freedom. The increase in the vibrational energy in ions manifest itself as heat, and in a bulk conductor the amount of heat Q is proportional to the current I for a fixed bias voltage V , Q ∝ I. With the development of micro-machining technique, an integrated circuit can now contain multiple nanoscale electronic devices. In a nanoscale device, the electron-phonon interaction takes place as in a bulk conductor. Even though the electron coherence length is large compared with the characteristic size of the nanodevice, heat generation is still substantial due to the huge electrical current densities, which is by many orders of magnitude larger than that in a bulk conduct. Such local heating has been observed experimentally. [1−4] For such nanodevices heat conduction is quite difficult and heat capacity is quite small. As a result, temperature increase is pronounced even for a small amount of heat generated in it. Such temperature increase may impact the electronic device characteristics, working conditions and specially stability. To save nanodevices from breakdown, research has been carried out both experimentally and theoretically [5−21] to find out the law of heat generation in nano systems. Experimentally, Smit et al. have estimated that the effective temperature inside an atomic wire rises in proportion to the square root of the bias voltage for sufficiently large bias, by investigating the thermally activated breaking of the atomic wires. [15] By measuring the mechanical stretching distance of single molecular junctions, Huang et al. found that at a given bias the local ionic heating increases with decreasing molecular length. [1] On the theoretical front, Chen et al. reported first-principles calculation of local heating in nanoscale junctions formed by a single molecule and a gold point contact. [16] Heat generation in a quantum dot containing EPI has been investigated by Sun et al. using the nonequilibrium Keldysh Green's functions. [17−21] Amazing features of heating, unique to nanostrutures and absent in macroscopic systems, have been found in research works. For example, at low temperature, a threshold bias voltage is required to generate heat in a nanosystem, and the heat generation is not proportional to the current for a fixed bias.
In this paper, by employing the nonequilibrium Keldysh green's functions technique, we intend to investigate the mechanisms behind these unique properties of local heating. The model considered here comprises a left (L) and right (R) electrodes represented as free-electron reservoirs bridged by a quantum dot (QD). The QD has an electronic level that is coupled to a local single-phonon mode. The corresponding Hamiltonian is (hereafter e, = 1)
In Eq. (1), the fermi operators d † and c † kα create an electron in the QD and the lead α (α = L, R), respectively. The bosonic operators a and a † denote annihilation and creation of a phonon of frequency ω 0 . λ represents the strength of EPI in the QD, and V α is the electronic coupling strength between the QD and the lead α. Vol. 63 In this paper, we care about only the energy transfer between tunneling electrons through the QD and the atomic ionic degree of freedom in the QD. By contacting the QD to a large outside bath, we can assume that the phonons are in the equilibrium Boson distribution
, with T ph the phonon bath temperature. Then the energy transfer from the electronic system to the phonon bath, i.e., heat generation, per unit time at time t can be calculated from the time evolution of the energy operator E ph (t) = ω 0 a † (t)a(t), [17] 
where, the G r AA and G < AA are the retarded and lesser components of the electronic two-particle Green's functions for the QD and governed by the Hamiltonian in Eq. (1). In order to solve for G r,< AA , we make a canonical transformationH = U HU † , with the unitary opera-
After some algebra, we obtainH
Because of the EPI, after this transformation the energy
Here, we make an approximation to replace X with its expectation value X = exp{−(λ/ω 0 ) 2 (N ph + 1/2)}. This approximation is valid when V α λ. [17,22−23] After taking this approximation the EPI is decoupled, and then the two-particle Green's function G r,< AA can be expressed by the electronic single-particle Green's functions. Following Sun et al., [17] we get the expression for the heat generation with the help of Wick's theorem,
with T α the temperature of lead α. f α andf α represent f α (ω) and f α (ω − ω 0 ) respectively, and
The electronic spectral function A(ω) and current I of the QD are respectively [22] 
In Eqs. (5) and (6),
with I n (z) the n-th Bessel function of complex argument.
are the lesser and greater components of the electronic single-particle Green's functions for the QD. They are governed byH and obtained as
In the numerical investigation, we consider symmetrical dot-lead coupling, Γ L = Γ R , and identical temperature in leads and phonon bath Figs. 1(b) and 1(d) . When the applied bias V is equal to or larger than the phonon energy ω 0 but smaller than 2ω 0 , the Q shows two peaks. These two peaks approach each other with increasing bias and merge into a single one at V = 2ω 0 until it reaches saturation. After that, the peak broads to a ladder. These properties are unique to nanojunctions and absent in the bulk case. [17, 21] The characteristics of Q and I presented above may seem mysterious. They can be well understood with the help of spectral function of the QD electron. Figure 2 shows the spectral function A(ω) of the QD electron. In Fig. 2(a) , we observe that for weak electronic coupling between the QD and leads,Γ = 0.1, A(ω) exhibits a sharp resonant peak at¯ d = 0, and, due to EPI, satellite peaks at¯ d ± nω 0 (n is an integer). These peaks are the result of a discrete electronic energy level of the QD and weak QD-lead coupling (smallΓ ). In the bulk case, because of continuous distribution of electronic energy no sharp peak of A(ω) appears. In the largeΓ case, no sharp peak arises either, as we see in Fig. 2(a) , with increasingΓ the peaks are first lowered and widened and then smoothed out. We attribute this to the broadening of the dot level. For later convenience, we label the resonant peak as the 0-phonon band, and the peaks at¯ d ± nω 0 as the ±n-th phonon sidebands. Figure 2(b) shows that the system temperature affects little on the spectral function. When λ increases, the factor L n shifts the weight of spectrum towards phonon sidebands at ω = ±λ 2 , which can be seen in Fig. 2(c) .
[24] In general, an electron can tunnel through the QD elastically at low temperature and small voltage V (an electron arrives at the right side with the same energy as it had when it departed the left lead). For sufficiently large V (V ≥ ω 0 ), a new conduction channel opens up, in which an electron with energy ω tunnels into the QD and jumps from the state at ω to the state at ω − ω 0 by emitting a phonon of frequency ω 0 , and then tunnels out and enters an empty state of energy ω − ω 0 at the right lead. Obviously, this process results in heat generation in the QD. By increasing V , additional channels corresponding multi-phonon processes can possibly open up.
The weight of each band in Fig. 2 is defined as the integrated area under the spectral peak divided by 2π, which is sensitive to the EPI strength λ, electronic coupling strength Γ and the QD level¯ d . From the analysis above, we get that as the V exceeds one quantum of vibrational energy ω 0 electron jumping process from the 1-th to the 0-band (or from 0 to −1-th band) can take place and then local heating arises. We can see from Figs. 1(b) and 1(d) that the Q increases steeply as the¯ d moves up to µ R , or to µ R + ω 0 , which indicates a sharp increase of spectral weight of the 0-band, or the −1-th band, that lies in the bias window, see Fig. 3 , and then a sharp increase in the probability of phonon-emitting process. For a similar reason, the Q drops quickly as the¯ d rises to µ L − ω 0 , or to µ L , which means the spectral weight of the Vol. 63 1-th band, or the 0-band, is getting out of the bias window at the fastest rate. When the value of V is between ω 0 and 2ω 0 , with rising¯ d the 1-th spectral peak leaves the bias window before the −1-th peak enters. As a result of this, two peaks, symmetric with respect to¯ d = 0, arise in the Q −¯ d curve as shown in Figs. 1(b) and 1(d) . At V ≥ 2ω 0 , with rising¯ d the −1-th spectral peak moves up into the bias window before the 1-th spectral peak moves out. Then the Q has only one peak, which locates at d = 0. This peak grows with increasing V because of a growing proportion of both −1-th and 1-th bands entering the bias window. As the V is large enough to embrace the whole −1-th and 1-th bands, the Q peak reaches saturation. With further increasing of V , this peak broadens to a ladder. We note that the Q changes little when the ±n-th (n ≥ 2) spectral peak enters the bias window. The reason is multi-phonon process can hardly happen, i.e., the ±n-th band contributes little on the heat generation. In Figs. 1(a) and 1(c) , we see the I behaves quite differently when the bias voltage V is larger than 2ω 0 . This is because the weight of each spectral peak changes significantly with λ as shown in Fig. 2(c) and, unlike the Q, the I is contributed to by every phonon band.
The ideal working conditions for a nanojunction can be found at an appropriate level position, as we see in Fig. 1 , where a peak current is accompanied by relatively small heat generation. Now, the unique properties of heat generation in a nanojunction can be understood easily. We emphasize that these properties arise only at low temperature and weak dot-lead coupling (T,Γ ω 0 ). If the dot-lead coupling is strong, Q and I act as in a macroscopic system, both peak at¯ d = 0 and the relation of Q ∝ I is valid, see Fig. 4 . This is because the lineshape of spectral function varies gradually and no satellite peak arises, as shown in Fig. 2(a) . When the temperature is high enough, all peaks of Q and I at¯ d = 0 exhibiting in Fig. 1 are smoothed out as observed in Fig. 5 , and both the current and the heat generation behave as in a bulk. The reason is the Fermi distribution varies continuously across µ L(R) at high temperature. Figure 6 shows the Q versus the voltage V at varying temperature and different QD level positions. The process of emitting a phonon requires an occupied state at ω and an empty state at ω − ω 0 . Therefore, a threshold voltage V on is needed to generate heat at low temperature. For a QD level position −0.5ω 0 ≤¯ d ≤ 0.5ω 0 , the value of V on is ω 0 at zero temperature, see Fig. 6(a) . With rising temperature, the V on decreases until it equals zero. The reason is that states with energy deviating from µ L(R) by ∆E may be occupied by electrons above µ L(R) or holes below µ L(R) , and higher temperature leads to states with larger ∆E to be occupied. In Fig. 6(b) , we find that the V on increases with enlarging distance between the average of the two chemical potentials µ L(R) and the level¯ d as the distance is larger than 0.5ω 0 .
In summary, by employing the lead-QD-lead system we have investigated the unique properties of current-induced heat generation Q in nanojuntions, which is absent in macroscopic systems. For example, a threshold bias is required to generate heat, the relation of Q ∝ I (I is the current) fails. Another example is when the bias voltage V applied between the two leads is equal to or larger than the phonon energy ω 0 but smaller than 2ω 0 , two peaks arise in the curve of heat generation versus the effective QD level, and they approach to each other with growing V until merging into a single one at V = 2ω 0 . The obtained results show that these properties root in (i) the discontinuity of Fermi distribution at chemical potentials of the leads and (ii) the satellite peaks in spectral function of the QD electron, which arise in a system with electron-phonon interaction, quantized energy states and weak electronic coupling with outside electron reservoirs. As a result of these, they arise only at low system temperature and weak QD-lead couplingΓ. At high temperature, the Fermi distribution varies continuously across the µ L(R) , resultantly the unique properties disappear. IncreasingΓ broadens the QD level, and then the satellite spectral peaks are smoothed out. Consequently, the Q behaviors as in a bulk.
